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Let u(k,p, /z) be the maximum number of vertices a complete edge-colored 
graph may have with no color appearing more than k times at any vertex and not 
containing a complete subgraph on p vertices with no color appearing more than 
!z times at any vertex. We prove that u(k,p, h) < h + 1 + (k - l){@ - k - 1) x 
(P + l)}lj& and obtain a stronger upper bound for a(k, 3, 1). Further, we prove 
that a complete edge-colored graph with n vertices contains a complete subgraph 
on p vertices in which no two edges have the same color if 
where et is the number of edges of color i, 1 < i < t, 
Let Kn denote the complete graph with n vertices and let C be any coloring 
of its edges. Denote by c(Kn , C) the smallest positive integer N such that, 
under the coloring C, each vertex of KTL has at most N incident edges of the 
same color. We say that Km is polychromatic if no two of its edges have the 
same coior. In [1] Chen and Daykin prove that if ?z > 3k, c(Kn , C) < k 
then Kn contains a subgraph Kz (a triangle) which is polychromatic. In [2] 
they prove that if c(Kn , C) < k then, for any positive integer p, Kn contains 
a subgraph KD with c(Kg , C’) < 1, where C’ is the coloring of Kw induced 
by the coloring C of K%, provided that PZ > 2 + +p(p - ~)(JJ - 2)(k - 1). 
Let a = cx(k, p, A) be the least integer such that if n > E and c(& , C) < k 
then Kn has a subgraph Kv with c(KD , C’) < h, where C’ is the coloring of 
KD induced by the coloring C of Kn. Then the result in [2] becomes 
a@, p, 1) < 2 + +p(p - l)(p - 2)(k - I). In this paper we prove the more 
general result 
and obtain a stronger upper bound for a(k, 3, I). We also give a sufficient 
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condition for Kn to contain a polychromatic complete subgra.ph on p > 3 
vertices. 
THEOREM 1. 
F~oojI §uppose that there exists a complete graph Kn and a 
coloring of its edges C satisfying c(Kn , C) < k and TZ > h + 1 + (k - 1) x 
{(p - h - l)(&)}l/h which does not contain a complete subgraph KP with 
c(K9, C’) < h, where C’ is the coloring of Kg induced by the coloring C 
of Kn . We will derive a contradiction. Let x1, q, ,..., x% be the vertices of Km 
and let Go denote the number of edges of color i incident with xj . Every one 
of the (z) subgraphs Kp of Kn satisfies c(KD , C’) > h and so there is a vertex 
incident with h + 1 edges of the same color; such vertices are called bad 
vertices of KD . Now xj is a bad vertex of at most 
subgraphs Kp of Kn , where the summation is over the colors appearing at xj 
with the convention that (‘$‘) = 0 if z+(xJ < h. Hence 
and expanding the binomial coefficients yields 
(n - 2)(iz - 3) ... (n - h - 1) 
< P(P - 1) **. CP - h - 1) 
@ + II! 
(k - l)(k - 2) 3.. (k - h), 
which is a contradiction. 
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THEOREM 2. Let Km be a complete graph, C any coloring of its edges, 
c(& , C) < k and k < &(n - 1 + (n - l)lj2). Then f& = (V, E) contains a 
polychromatic triangle as a subgraph. 
ProoJ In Theorem 1 we proved that if n > 3k - 1 then Km has a poly- 
chromatic triangle as a subgraph. We are left with the case rr < 3k - 1. Put 
t = [(z - 1)/k] (the integral part of (a - 1)/k). Then 
If t < 2 then n ~ 1 < 2k - 1 < $(n - 1 + (tz - l)lj2) - 1 giving n < 
2((~2 - l)lj2 - l), which is a contradiction, so t = 2. We follow the proof of 
Theorem 1, putting p = 3, h = 1 in (1) to give (t) < EyzI zi ppj’). 
Applying the inequality (i) + (i) < y;‘) + (Szl), for 1 < r < s to xi yifj’) 
gives 
so that 
- 
= n{k(k - 1) + $(72 - 1 - 2k)(n - 2 - 2k)} 
e - l)f - 2, < 3p + 2k(l - n) + &(l - ?2)(2 - I?), 
l)(tz - 4) + (12 - 1) < 9k2 + 6k(l - rz) + $(l - ~z)(2 - n) 
(n - 1) < 9kz + 6k(l - n) + (1 - R)~ 
= (3k + 1 - ~2)~ 
and as 3k + 1 - IZ > 0 we may extract square roots to give (iz - l)l/* < 
3k + 1 - n. Hence k > +(n - 1 + (rz - 1)1/2) which is a contradiction 
establishing the result. 
THEOREM 3. Let G = (V, E) be a complete edge-colored graph with n 
vertices and p an integer satisfying n > p > 3. Let there be t coIors used to 
color G and ei edges of color i, 1 < i < t. If 
then G contaifjs a complete polychromatic subgraph with p vertices, 
ProoJ We suppose that the theorem is false and derive a contradiction. 
Let G = (V, E) satisfy (;) > (:) zjSI (ii) and not contain a complete poly- 
chromatic subgraph with p vertices. There are ($) pairs of edges of color f, 
1 < i < t. Let el , es E E have color i, say el = {u, b}, e2 = {c, d}. Let ai be 
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the number of pairs of edges of color i such that a, b, c, dare distinct and let (3i 
be the number of pairs of edges of color i such that a, b, c, dare not distinct. 
Then q + /3i = (2). If a, b, c, d are distinct then they span a complete 
subgraph of G with four vertices, hence there are (z:i) complete subgraphs 
of G withp vertices containing er , e2 . If a, b, c, dare not distinct, say a = c, 
then they span a complete subgraph of G with three vertices, hence there are 
($1:) complete subgraphs of G with p vertices containing q , e2 . IIence the 
number of nonpolychromatic complete subgraphs of G with p vertices 
cannot exceed 
and as every one of the (z) complete subgraphs of G with p vertices is non- 
polychromatic we have 
a contradiction establishing the result. 
The condition (:) > (z) & (ii) cannot be weakened to (t) 2 (i) ‘& (p), 
as the case of n = p easily shows. 
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